The chirp of the xuv supercontinuum generated by a polarization gating is investigated by comparing three-dimensional nonadiabatic numerical simulations with classical calculations. The origin of the chirp is the dependence of the energy gain by an electron on the return time. The chirp is positive and its value is almost the same as that when a linearly polarized laser is used. Although the 250-eV-wide supercontinuum corresponds to a single attosecond pulse, the shortest duration of the pulse is limited by the chirp. By compensating the positive chirp with the negative group velocity dispersion of a Sn filter, it is predicted that a single 58-as pulse can be generated. The shortest optical pulse generated so far is 250 as, which was from high-order harmonic generation using 5-fs linearly polarized laser pulses ͓1͔. The pulse is still significantly longer than 1 atomic unit of time, i.e., 24 as, which is the time scale of electron motion in atoms. For studying and controlling such motion with high precision, it is desirable to have even shorter single attosecond pulses. A typical highorder harmonic spectrum shows that the intensities fall off drastically for the first few orders, then remain almost constant for many orders, forming a plateau, and finally cut off abruptly for the highest orders ͓2,3͔. When the carrierenvelope phase of the 5-fs laser pulse is close to zero ͑a cosine pulse͒, the spectrum in the cutoff region is a continuum, which was extracted by spectral filtering to produce the single attosecond pulse ͓1,4-7͔. The pulse duration was limited by the bandwidth of the continuum, which is less than 20 eV ͓7͔, and by the bandwidth of the multilayer mirror, which is 5.1 eV full width at half maximum ͓5͔.
The shortest optical pulse generated so far is 250 as, which was from high-order harmonic generation using 5-fs linearly polarized laser pulses ͓1͔. The pulse is still significantly longer than 1 atomic unit of time, i.e., 24 as, which is the time scale of electron motion in atoms. For studying and controlling such motion with high precision, it is desirable to have even shorter single attosecond pulses. A typical highorder harmonic spectrum shows that the intensities fall off drastically for the first few orders, then remain almost constant for many orders, forming a plateau, and finally cut off abruptly for the highest orders ͓2,3͔. When the carrierenvelope phase of the 5-fs laser pulse is close to zero ͑a cosine pulse͒, the spectrum in the cutoff region is a continuum, which was extracted by spectral filtering to produce the single attosecond pulse ͓1,4-7͔. The pulse duration was limited by the bandwidth of the continuum, which is less than 20 eV ͓7͔, and by the bandwidth of the multilayer mirror, which is 5.1 eV full width at half maximum ͓5͔.
The generation of a single attosecond pulse less than 100 as in duration requires a continuum broader than ϳ40 eV ͓8͔. The exact value of the bandwidth depends on the pulse shape and the phase of the pulse. Recently, it has been demonstrated experimentally that a supercontinuum covering the plateau and the cutoff region is generated using a laser pulse with a time-dependent ellipticity. The laser pulse is composed of two circularly polarized 8-fs pulses ͓9͔. Theoretically, a supercontinuum wider than 100 eV can be generated by a polarization gating using 5-fs laser pulses ͓10͔. So far, a significant amount of effort has been devoted to theoretical and experimental studies of polarization gating ͓11-15͔. However, the chirp of pulses generated with this technique is still not well understood. In this communication, the spectral phase of the supercontinuum generated by a polarization gating is investigated, and the chirp of the attosecond pulse as a result of phase variation is analyzed.
The high-order harmonic spectra and phases are studied by numerical simulations utilizing a three-dimensional nonadiabatic technique ͓16͔ adapted for harmonic generation using a driving pulse with a time-dependent ellipticity ͓10͔. Helium was chosen as the target gas. First, the harmonic generation from a single atom was simulated. Then the macroscopic harmonic signal was calculated by solving a threedimensional wave equation for the harmonic field. It was assumed that the laser pulse with a time-dependent ellipticity is formed by the superposition of a left-and a right-circularly polarized Gaussian pulse ͓14,15͔. The peak field amplitude E 0 , carrier frequency ͑ =2 / 2.5 rad/ fs͒, pulse duration ͑ p =5 fs͒, and carrier-envelope phase ͑ = /2͒ are the same for the two pulses. The delay between them is T d , which is two times the optical period, i.e., T d = 5 fs. The electric field of the combined pulse is E͑t͒ = E x ͑t͒x + E y ͑t͒ŷ . x and ŷ are unit vectors in the x and y directions, respectively. The two components of the laser field are
The laser field is linearly polarized at t = 0, while the ellipticity increases with ͉t͉. The single-atom response was calculated by the nonadiabatic Lewenstein model ͓16,17͔. When the ellipticity of the driving pulse changed with time, the two transverse components of the dipole moment were calculated separately. Calculations showed that the amplitude of the harmonic spectrum along ŷ was much smaller than that along x . Thus, only the latter was considered. The dipole moment along the x direction of the laser field was calculated by the integral *Electronic address: chang@phys.ksu.edu 
The two components of the canonical momentum of the electron corresponding to a stationary phase are calculated by p s,x ͑t , ͒ = ͐ t− t dtЉA x ͑tЉ͒ / , and p s,y ͑t , ͒ = ͐ t− t dtЉA y ͑tЉ͒ / . Finally, the quasiclassical action of the electron is calculated by
where ␣ =2I p . The macroscopic harmonic signal from all the atoms in the target was calculated by solving the wave propagation equation in the moving frame of the harmonic field E͑ H , r , zЈ͒ in the frequency domain ͓16͔,
where H is the frequency of the harmonic field, r is the transverse coordinate, z is the propagation coordinate in the moving frame which has the same value as in the laboratory frame, c is the speed of light in vacuum, and 0 is the permeability of free space. The nonlinear polarization P nl ͑ H , r , z͒ ϰ x͑ H , r , z͒. x͑ H , r , z͒ is the dipole moment of an atom at ͑r , z͒ that is the Fourier transform of the x͑t , r , z͒ calculated with Eq. ͑2͒ for the atom. The laser is a Gaussian beam propagating in the z direction. Cylindrical symmetry with respect to the z axis is assumed. The beam waist at the focus is w 0 =25 m, which gives a Rayleigh range z R = 2.6 mm. A 1-mm-long gas target is centered at 2 mm after the laser focus. The atomic density of the target is assumed to be a constant. Equation ͑6͒ is solved numerically for each frequency in a spatial grid. The single-atom dipole moments at the grid points are calculated first and then are entered into Eq. ͑6͒ through the polarization P nl ͑ H , r , z͒. The output spectrum is calculated by adding up the power spectrum at each transverse point at the exit of the FIG. 1. ͑a͒ The ionization probabilities of a helium atom in laser fields with a time-dependent ellipticity. The laser pulse is formed by the combination of a left-and a right-hand circularly polarized pulse. Solid line: both circular pulses are 10 fs and the delay between them is 15 fs. The dotted line is obtained when the pulse duration is 5 fs and the delay is 5 fs. The intensity at t = 0 is 1.4 ϫ 10 15 W/cm 2 . The carrier-envelope phase of the laser pulse is / 2 rad. The high harmonics are generated within the time interval between the two dashed lines. ͑b͒ The single-atom high-order harmonic spectra. The dotted and the solid lines are the results obtained with 5-and 10-fs laser pulses, respectively. target. To obtain the harmonic pulse in the time domain, a square spectral window is applied to the harmonic spectrum at each transverse point at the exit of the target, and inverse Fourier transforms are performed to obtain the harmonic pulse for that point. The pulses of all the points are summed up to yield the final pulse intensity.
The duration of the circularly polarized laser pulses, 5 fs, for forming the pulses with a time-dependent ellipticity is chosen to avoid significant ionization of the helium atom by the leading edge of the pulse. Figure 1͑a͒ shows the ionization probabilities of the atom with 5-and 10-fs pulses calculated by the ADK theory ͓18,19͔. The laser intensities are the same for both pulses at time t = 0 fs where the laser is linearly polarized. The high harmonics are generated by electrons freed at the time interval between the two dashed lines. The ionization probability at t = 0 is 13.4% for the 5-fs pulses that is much less than that with the 10-fs pulses ͑93.4%͒. As a result, the intensity of harmonics generated by the 5-fs pulses is more than two orders of magnitude higher than that produced by the 10-fs pulses, as shown by Fig. 1͑b͒ . The delay between the two 10-fs pulses is 15 fs, which was chosen to yield a similar spectrum as that from the 5-fs lasers. Decreasing the delay reduces the ionization but produces more than one attosecond pulse when the propagation effects are taken into account.
The lower ionization probability with the 5-fs lasers leads to a longer coherent length for high-harmonic generation. When the target gas pressure is 1.8 Torr, the coherent length for the cutoff order, i.e., 160th, is 1.03 mm with the 5-fs laser, which is almost the same as the target length ͑1 mm͒. For the same harmonics, the coherent length is 0.148 mm with the 10-fs laser pulses. The differences in the coherent lengths introduce another factor of 45 difference in harmonic intensity in favor of the 5-fs lasers, because the harmonic intensity scales with the square of the coherent length. Thus, it is clear that the shortest laser pulses should be used for generating single attosecond pulses with a polarization gating.
The simulations of the three-dimensional ͑3D͒ propagation of the laser and harmonic fields were done for only the 5-fs laser pulse. The transverse plasma density variation may cause self-focusing to the laser beam, while the timedependent plasma density may introduce self-phasemodulation to the laser pulse. These effects will be investigated in detail in the future. The simulations in this work ignore these plasma effects, which are valid for low target gas pressures. The harmonic spectrum from the 3D propagation is different from the single-atom one, as shown in Fig.  2͑a͒ . We focus on the single-atom spectrum first. The intensity of the single-atom spectrum generated by the 5-fs laser is modulated throughout the plateau and the cutoff region. With the increase of frequency, the separation of peaks decreases but the modulation depth increases. To understand this spectral feature, a square window with a width of 33 eV was applied to the harmonic spectrum in Fig. 2͑a͒ to select sections of spectrum entered at several different harmonic orders. These spectra were Fourier transformed to yield harmonic pulses in the time domain. This technique allows us to study the emission time of harmonics within the selected spectral window. The results are shown in Fig. 2͑b͒ . For clarity of presentation, the pulse intensities are normalized. It is clear that for plateau harmonics, two attosecond pulses are emitted in the laser cycle after t = 0. For the cutoff order, the two pulses overlap in time. Although the laser pulses have many cycles, the fast change of ellipticity allows harmonic generation only in one laser cycle. The harmonic emissions FIG. 2 . ͑a͒ The high-order harmonic spectra. The dotted and the solid lines are the results of the single-atom calculation and threedimensional simulations, respectively. ͑b͒ The high-harmonic pulses centered at different frequencies emitted from a single atom. 1 and 2 represent the short and long trajectories, respectively. The spectrum window is 33 eV. ͑c͒ The recombination time of the electrons with short and long trajectories. Recombination in other laser cycles is suppressed by the large ellipticity of the field. ͑d͒ The pulses from the three-dimensional propagation simulations.
in other laser cycles are suppressed by the large ellipticity of the laser field. In fact, the single-atom spectrum resembles that in ͓20͔, where single-cycle, 2.4-fs, linearly polarized laser pulses centered at 800 nm were used. For lower-order harmonics, the ellipticity at the time when the second pulses are generated is significantly larger than that of the first pulses. This leads to the diminishing of the second pulses.
Since the ellipticity is small for the laser cycle around t = 0, it is expected that the harmonic generation process in that cycle is similar to that occurring in a linearly polarized laser field which has been studied extensively ͓21,22͔. Just as in a linear laser field, for a given central frequency the first pulse corresponds to the short trajectory ͑labeled by 1 ͒ and the second one corresponds to the long trajectory ͑labeled by 2 ͒. The modulation in the single-atom spectrum is the result of interference between the two pulses. The intensity of the second pulse diminishes with decrease of the central frequency. This leads to a reduction of the modulation depth at low harmonic orders. The modulation period increases with the harmonic order because the pulse separation decreases.
To quantitatively compare the harmonic generation process in the laser field with time-dependent ellipticity with that in a linearly polarized laser field, the classical return times of electrons with different energy gains in the laser field with E x ͑t͒ in Eq. ͑1͒ were calculated ͓E y ͑t͒ = 0 was assumed, i.e., a linearly polarized field͔. The energy gains correspond to the generation of harmonics with the same center frequencies as in Fig. 2͑b͒ . The results are shown in Fig.   2͑c͒ . In the same figure, the quantum return times that do take into account the effects of E y ͑t͒ are also shown. The quantum return times are the times of harmonic emission shown in Fig. 2͑b͒ . The good agreement between the classical and the quantum results indicates that harmonic generation process in the laser cycle around t = 0 is very similar to that in a linearly polarized field. Since this emission time is different for harmonic pulses with different center frequencies, the harmonic pulses are chirped. The pulses corresponding to short trajectories are positively chirped, since the emission time increases with the central frequency. Alterna- tively, the pulses corresponding to the long trajectories are negatively chirped because the emission time decreases with the central frequency. Both the positive and negative chirps are close to linear. Such chirp behavior is indeed similar to the chirp of the harmonic pulses generated in a linear field ͓22͔. There is a one-quarter laser-cycle shift between the results in Fig. 2͑c͒ as compared to those in ͓22͔, due to the carrier-envelope phase being / 4 for generating the spectra in Fig. 2͑a͒ . In ͓22͔, the phase is zero, as in the experiments with 5-fs linearly polarized laser pulses ͓7͔.
When the whole plateau and cutoff spectra are used to generate attosecond pulses, their durations are limited by the chirp. It is very difficult to compensate for the positive and negative chirp simultaneously. Luckily, harmonic emission from the long trajectory can be suppressed by phase matching during the propagation. The harmonic pulses obtained including the effects of propagation are shown in Fig. 2͑d͒ . It is clear that only the emissions from the short trajectories survived. The modulation depth of the 3D spectrum in Fig.  2͑a͒ is much smaller than in the single-atom case because the interference does not occur with just one pulse. The remaining pulses are positively chirped. The chirp is close to linear because the emission time follows a straight line. Thus, it is anticipated that the chirp can be compensated by an optical device that introduces a negative chirp, in order to generate transform-limited attosecond pulses. This method has been proposed to compensate the chirp of attosecond pulses generated with linearly polarized laser fields ͓23͔.
As have been pointed out by Kim et al., some filters exhibit negative dispersion in the xuv region ͓23͔. Ideally, the second-and higher-order phases of the filter should be the opposite of the harmonic spectral phase. The harmonic spectral phase varies with the radial position at the exit of the target, as shown in Fig. 3͑a͒ . The linear phases are not included in the figure because they do not affect the pulse duration. The phases are dominated by the second-order terms, indicated by the quasiparabolic shapes. This is consistent with the quasilinear chirp in Fig. 2͑d͒ . It is interesting that for plateau harmonics, the differences between phases for different axial points are small. Thus it is possible to compensate the chirp for these points using only one filter.
The harmonic intensities also vary along the radial direction, as shown in Fig. 3͑b͒ . It is clear that the major contribution comes from the region near the z axis. In Fig. 4͑a͒ , the onaxis harmonic spectral phase is compared with the phase of a Sn filter with 1 m thickness. For clarity, the sign of the Sn phase is reversed. In the region between the 90th and 130th harmonic orders, the two phases are very close. On the lower-frequency side ͑harmonic orders less than the 90th͒, the mismatch between the two phases is not a problem since the intensity there is suppressed by the filter absorption, as indicated by the filter transmission curve. The effects of mismatch on the higher-frequency side ͑harmonic order larger than the 140th͒ can be reduced by setting the cutoff frequency at the desired value. This is how the laser intensity 1.4ϫ 10 15 W/cm 2 is chosen. The harmonic spectrum after the Sn filter is shown in Fig. 4͑b͒ . It covers the region where the chirp of the harmonics can be relatively well compensated by the filter. The harmonic pulse after the filter is shown in Fig. 4͑c͒ , which is 58 as. The pulse has wings at the trailing edge, which is caused by phase variation for harmonic orders higher than the 140th. Increasing the laser intensity and filter thickness produces even shorter pulses, but the contrast between the peak intensity and the wing is reduced. It is worth pointing out that both the on-and the off-axis regions of the target are included in the simulation. As a comparison the results in ͓23͔ were obtained with onedimensional propagation.
In conclusion, the chirp of the supercontinuum is almost the same as that of the harmonics generated by a linearly polarized field. The chirp is positive and close to linear. In a restricted spectral region, the chirp can be compensated by the material dispersion to yield single pulses as short as 58 as. The shortest pulse achievable is limited by mismatch of the phases between the high harmonics and filters. The generation of even shorter pulses calls for techniques that can introduce negative chirp over an even wider spectral region. This work is supported by the Division of Chemical Sciences, Office of Basic Energy Sciences, U.S. Department of Energy.
